ABSTRACT. We work out an example, for a CM elliptic curve E defined over a real quadratic field F, of Zagier's conjecture. This relates L(E, 2) to values of the elliptic dilogarithm function at a divisor in the Jacobian of E which arises from K-theory.
Introduction. Recall that the classical Euler dilogarithm is defined by
is well defined independent of path used to continue Li 2 and arg. For a torus C/Λ, Λ = [ω 1 , ω 2 ] corresponding to a point τ in H, we have the q-symmetrized, or elliptic, dilogarithm
In their paper on Zagier's Conjecture, Goncharov and Levin prove the following theorem [3, Theorem 1.1] about the value at s = 2 of the L-function of an elliptic curve:
Theorem. Let E be a (modular) elliptic curve over Q. Then there exists a Q-rational divisor P = ∑ a i (P i ) satisfying
For any valuation v of the field Q(P), and h v the corresponding canonical height, In [3, §1.3] they work out an example for the elliptic curve given by y 2 − y = x 3 − x. Nonetheless, examples in this subject are scarce and the theory is more than a little intimidating. The purpose of this note is to work out an example for a curve over a number field, following the philosophy of [5] , "In general, the more concrete one is able to make the [Borel] regulator map, the more explicit the information one is able to extract from it."
All of the calculations were done with PARI.
Notation. Let F be the field Q( √ 5), and w = 1+ √ 5 2 . Consider the elliptic curve E defined over F:
The discriminant is −5 3 7 3 = −42875, and the j-invariant is
This is equal to j(O K ), where K = Q( √ −35). Thus the curve has complex multiplication by the ring of integers O K . The two embeddings of F into R give two lattices
The fact that τ ′ = 5τ + 2 show that E is isogenous to its Galois conjugate, so it is a Q-curve in the sense of [4] . K has class number 2 since the j-invariant is quadratic, while F has class number 1. Note that since E has complex multiplication, it has only additive bad reduction and we can ignore condition (c) in the theorem.
L-function computation.
The curve E is in fact the canonical Qcurve (Theorem.11.2.4 of [4] ) for this discriminant, which is convenient for calculating values of the L-function. The Hecke character ψ on the Hilbert class field H factors through norms from H to K. The Euler product at s = 2 converges too slowly to be of use. So we use the functional equation to convert the value at s = 2 to the leading Taylor coefficient at s = 0. Since the field is quadratic there is a second order zero at 0. Thus we are computing the value L(E, 0) (2) , or up to appropriate powers of π and rational multiples, the value of the 'completed' Λ(E, s) at s = 0. Following ideas of Cremona [1] we write the L function as the Mellin transform of a Maass form on H 3 , with a Fourier series involving K-Bessel functions. Although K has class number 2, the Maass form is a 'CM'form, so its Fourier coefficients are supported on the principal ideal class. We split the integral at the symmetry point, use the functional equation, and integrate by parts. To get 28 digits of accuracy we computed the Dirichlet series coefficients for primes less than 30,000. The values of Λ(E, s) at s = 0 require evaluating, for 30,000 different x values,
For x ≤ 3 or 15 ≤ x, we can take an asymptotic expansion for K 0 (t) and integrate term by term to get an asymptotic expansion for the function. For 3 < x < 15, we need to numerically integrate from x to the next integer ceil(x), and use a table lookup for 
(F).
The curve has a large number of integral points, (1)- (14) in Table 1 . In order to find solutions a i to the equations (a), (b) in the construction of Goncharov and Levin, one needs a relatively large number of points whose local heights are supported on a relatively small number of primes. We consider also the points (15)- (22) in Table 1 . The local nonarchimedean height functions are supported on the primes 2, √ 5, 7, π 11 and π 59 , where π 11 and π 59 are primes above 11 and 59 in O F .
Since E has rank (at least) 2, it will be convenient to revise our notation for a divisor Table 1 . The condition (a) becomes the four equations
Meanwhile condition (b) becomes, for the nonarchimedean heights,
ten more equations as v ranges over the five primes 2, √ 5, 7, π 11 and π 59 . To compute the height functions, we used [7] and the reference therein, particularly [6] . These equations are defined over Z, so we get integral solutions. Surprisingly, the solution space is 10, not 8 dimensional. In this solution space we next seek integral solutions to the equations over R
for each of the two archimedean valuations. Since the condition (a) kills the global height, it suffices to find solution for just one infinite prime, and we can use the other one as a check that our calculation is correct. Finding integral solutions to equations given by real (floating point) numbers is tricky. The easiest way seems to be (following Zagier [9] ) to use the LLL algorithm. We get an 8 dimensional solution space of integral vectors, see Table 2 . Corresponding to column j in Table 2 above is the divisor Table 2 we compute the vector in R 2 given by:
Working with 100 digits, (displaying 28), we get the row vectors in Table 3 .
Comparison. With 8 regulator vectors in R 2 , there are, up to sign, 28 choices for a 2 × 2 determinant R m,n of the rows m and n, of which 13 visibly have determinant equal 0. For the remaining 15 pairs we get that R m,n /L(E, 0) (2) appears to be rational. The pair (4, 7) gives −0.06250000000000000000000000268 ≈ − 1 16 while (2, 7), (3, 7), (5, 7), (6, 7) all give plus or minus 0.2500000000000000000000000107 ≈ 1 4 and (2, 4), (2, 8) , (3, 4) , (3, 8) , (4, 5) , (4, 6) , (4, 8) , (5, 8) , (6, 8) , and (7, 8) all give plus or minus 0.1875000000000000000000000080 ≈ 3 16 .
The close agreement with a rational number of small denominator serves as confirmation the calculations are correct.
